Semiclapp Summer School
Exercise session: WKB solutions and Propagation of singularities
Lecturer: JARED WUNSCH, Teaching assistant: ANTOINE PROUFF
May 13 — 17, 2024

1 WKB solutions

Exercise 1: WKB ansatz in dimension d > 1

Let V € C°°(R?) and consider the equation
AU+ V(@)u=0, he(01].

1. As was done in Lecture 1, derive from the ansatz u = (ag + hay + - Jen® the first two steps of the
WKB approximation, namely the Eikonal equation

1
5|v¢|2+V(:c) =0 (1.1)
and the transport equation
1
V¢ -Vag + §(A¢)ao =0, (1.2)
with a; € C°(R% C) and ¢ € C°(R%R).

2. Assuming 9,, ¢ vanishes nowhere on {x; = 0}, solve locally around {z; = 0} the transport equa-
tion (]l.9) with initial data on {x; = 0} in terms of the flow S(t) : x — S(t)z of the vector field V¢.
(Hint: look for an o.d.e. on ¢t — ao(S(t)x) for = € {1 = 0}.)

Exercise 2: 1D harmonic oscillator

Our goal is to understand the asymptotic behavior of eigenfunctions of the semiclassical harmonic oscillator
x
——uy, + —up = Epup, By, ~1, (1.3)

as h = 0. See Figure m for an illustration.

1. Suppose u is such that

1 2
—iu" + %u = Eu,

for some E > 1. Check that uy(x) := h~4u(h~'/2z) satisfies (B) with B, =1 and |lup||r2 = |lul| L2,
for a suitably chosen parameter h.

2. Recall that the Hamiltonian vector field associated with the operator —%2% + ’”—22 is defined by
H(z,&) ==& -0, — - 0.
Draw this vector field in phase space (the (z, £) plane) and compute its integral curves (they parametrize
the circles {% + L; = FE}).

3. Justify why the classical probability density at energy E > 0 (namely the probability to find a classical
particle of energy E evolving according to the Hamiltonian flow) is given by

C
T — 711[_@7+\/ﬁ](x), (1.4)
E—sy?
2
for some constant C' > 0 independent of E. Observe that it is peaked around the turning points of the
classical dynamics.



Figure 1: 15th eigenfunction of the harmonic oscillator (green), corresponding probability density (red) and
classical probability density (dashed blue line). The classically allowed region lies between the two vertical
dotted lines.

4. Show that solutions to the Eikonal equation (EI) in the classically allowed region {% < E}, that is
to say the support of ([L.4), are of the form

z x x?
z)=C=x+FE|arcsin—+ —/1— — | .
o) ( V2E V2E 2E>
(Hint: one may use a trigonometric change of variables, related to the trajectories of the Hamiltonian
flow computed in Question P.)

5. Still in the classically allowed region, show that solutions to the transport equation (@) are of the
form
¢
(2E — 22)1/4’

for an arbitrary constant C' > 0. Compare with the result of Question H Observe that this is consistent
with Figure [I|.

ap(x) =

6. Now we study the behavior of u in (@) outside the classically allowed region, namely {|z| > v/2E}.
Instead of using the WKB expansion, we linearize the potential near the turning points x4+ = z1(F) =
+V2FE:

2 2k (x —24)?

?:7+xi~(x—xi)+

Pretending that one can neglect the quadratic remainder, (@) becomes

:Ei\/ﬁ(m—xi)—l—O((m—xi)z). (1.5)
—%zug:t\/@(m—xi)uh =0 (1.6)

(we write E in place of Ej). We denote by Ai the Airy function, namely the non trivial solution of
y"(x) = xy(x) going to zero at +oo, illustrated on Figure E Check that

o — A (i\/ﬁEl/ﬁx};/ﬁi>

is a solution to (@) Explain in which neighborhood of z1 this approximation is relevant. Observe
that this is consistent with Figure [I|.

7. (If time allows:) Discuss possible generalizations to a Schrodinger operator —%2% + V(z) with a
confining potential V' € C*°(R).



Figure 2: The Airy function.

Exercise 3: Borel summation (optional)

1. Recall why any sequence of complex numbers (a,)nen are the Taylor coefficients of some smooth
function on R%. (Hint: pick a cut-off function y € C2°(R%;[0,1]) equal to 1 near the origin and arrange
the formal Taylor series so that, for fixed x € R?, only finitely many terms contribute to the sum.)

2. Let (an(h))nen be an h-dependent sequence in C>°(R?; C) and set

a(h) = i_ojhx () anti

Tn

where (7,,)nen is a sequence of positive numbers. Convince yourself that for all N € N, it holds
al h
a(h) = h"x | — ] an(h) = OV T
=3 () onth) = 00

provided 7, — 0 sufficiently fast as n — oo. (Rigorously, the O notation should refer to a Banach

norm or a Fréchet structure in some functional space. The decay of the sequence r, should take into
account the growth of norms of the a,’s.)

2 Semiclassical wave front set and defect measures

We recall the following notation: for some h-dependent quantity Q(h), we write Q(h) = O(h*) if for all

N € N, there exists Cy > 0 such that |Q(h)| < CyhY,Vh € (0,1]. Recall the definition of the semiclassical
Fourier transform

Fru(€) := (2mh)~4? /R du(y)e*%@ydy, Fitu(z) :== (2wh) =42 / w(€)erErde, (2.1)

]Rd
Also recall the result below from Lecture 2.

Proposition 1. A point (z9,&p) is not in WFu if and only if there exists a cut-off function ¢ such that

Fn(pu) = O(h™) in a neighborhood of &.

Exercise 4

As an application of the above proposition, compute WFLen™? for a € RY independent of h, and WFja
where a € C™(R?; C) is independent of h.



Exercise 5

Let ¢ € C*™(R%; C) have no critical points. Compute WF et ®@), (Hint: prove it directly, or alternatively,
use that the wave front set is coordinate invariant as a subset of T*R% and reduce to the case of a linear
phase as in the previous exercise.)

Exercise 6: Computation of defect measures

Compute the defect measures associated with the following families of functions:

up(z) = ¢ (17 - }IL) )

1. (bump function going to infinity)

where ¢ € L*(R);

2. (Gaussian wave packet)

—d/4 |z —xo*\ ig,. d
up(z) := (mwh) exp | ———— eS0T x € RY,

where (g, &) is a fixed phase space point;

3. (plane wave) _
up(z) = enr >, a € RY

according to the values of § € R.
Now recall the following result from Lecture 2.

Proposition 2. Let P = Op,(p) be an h-pseudo-differential operator acting on RY. If (un)ne(o, is a
bounded sequence in L?(R?) satisfying Puy = o72(1) as h — 0, then any semiclassical defect measure p
associated with (uyp,)p satisfies

supp p C {p = 0}.
If moreover P is self-adjoint and Puj = or2(h), then p is invariant by the Hamiltonian flow of p, namely
Hp = 0 where
op Ip

Hp:(?if. T dx

0.

Let us also recall the stationnary phase lemma (see Melissa Tacy’s lecture.)

Proposition 3 (Stationnary phase). Let a € C°(R% C) and ¢ € C*(R%R). Suppose ¢ has a unique
critical point xq in supp a, namely d¢(zo) = 0, and that det 9?¢(xg) # 0. Then it holds

ei%sgn 82¢(zo) i (z0)
i d(zo
o0 [det 92g(ag) iz AT

(2mh) =2 / a(z)e%¢(z)dx
Rd

where sgn 92¢(xg) is the signature of the Hessian matrix 92¢(x¢), i.e. the number of positive eigenvalues
minus the number of negative eigenvalues.

Exercise 7: Lagrangian state

Let ¢ € C°(R%;C) have no critical point and b € C2°(R%; C) be independent of h. Let u be a semiclassical
defect measures associated with ‘
up (z) == b(x)en @,

1. Using Proposition E, quickly recall why supp pu C Graph(d¢). (Hint: introduce the operator P =
Lo —0,4.)
J 7P

K2



2. Now we want to prove the more precise result
= |b(‘r)|26{£:d¢(z)}- (2.2)

Let a € C°(R2?%;C), and denote by a(x, hD) the standard quantization (or left quantization) of a,
namely the operator

a(z,hD) := F; ' (a(z, ®) Fru(e)),
where Fj, is the semiclassical Fourier transform (@)

(a) Justify why semiclassical defect measures do not depend of the choice of quantization (standard,
Weyl...). (Hint: recall how a relates to the Weyl symbol of the operator a(z, hD) for instance.)

(b) Put the above inner product under the form

(unvale D)) = ety [ ([ ot @eR™ 0O @00 ayae ) do

Rd
with a phase ®, to be expressed explicitly.

(c) We fix z € R? and study the inner integral over (y, &) using the stationnary phase asymptotics.
Compute the unique critical point (yg, &) of ®,. Compute the Hessian matrix 8%®,, and check that
| det 2@, (yo,&0)| = 1 and sgn 0?®,(yo, &) = 0. (Hint: you can bypass the computation of the
signature and check in the end that the exponential factor involving the signature in Proposition
has to be equal to 1 since u is a non-negative Radon measure.)

(d) Apply Proposition E to deduce the sought result (@)

Exercise 8: Back to the 1D harmonic oscillator.

Let (up)pe(o,1] be a bounded sequence in L*(R%) such that (@) holds with Ej = 1 + o(h). Compute the
(unique) semiclassical defect measure associated with this sequence. Compare with the result of Question
of Exercise 2.
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